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Block designs

A block design A consists of

> a set of bk experimental units (also called plots),
partitioned into b blocks of size k;

» a set of v treatments;

» a function f from the experimental units onto the set of

treatments, so that f(w) denotes the treatment applied to
experimental unit w.
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Block designs

A block design A consists of

> a set of bk experimental units (also called plots),
partitioned into b blocks of size k;

» a set of v treatments;

» a function f from the experimental units onto the set of
treatments, so that f(w) denotes the treatment applied to
experimental unit w.

g(w) denotes the block containing w.
Njj denotes the number of occurrences of treatment 7 in block j.

For treatments i and /, the concurrence of i and [ is

b
A =Y N;Nj;.
j=1
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Outline

Two graphs associated with a block design.
Laplacian matrices.

Estimation and variance.

Resistance distance.

Spanning trees.

Measures of optimality.

Some optimal designs.

N g~ =

Designs with very low replication.
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Section 1

Two graphs associated with a block design.
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Levi graph

The Levi graph G of a block design A has
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Friedrich W. Levi was a German Jewish mathematician who
had to leave Nazi Germany in the 1930s. He moved to India,
where he worked at the Indian Statistical Institute with

R. C. Bose. He invented this graph to describe a block design.
Later authors named it after him.
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The Levi graph G of a block design A has

» one vertex for each treatment,
» one vertex for each block,

> one edge for each experimental unit,
with edge w joining vertex f(w) to vertex g(w).

It is a bipartite graph,
with Nj; edges between treatment-vertex i and block-vertex j.

Friedrich W. Levi was a German Jewish mathematician who
had to leave Nazi Germany in the 1930s. He moved to India,
where he worked at the Indian Statistical Institute with

R. C. Bose. He invented this graph to describe a block design.
Later authors named it after him.

Some other authors call it the incidence graph.
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Example 1: v=4,b=k=3
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Example 2: v=8,b=4,k=23

N =
W N
= W
—

7/62



Example 2: v=8,b=4,k=23

N
W N
= W
—

Yoy
S

7/62
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Concurrence graph

The concurrence graph G of a block design A has

» one vertex for each treatment,

> one edge for each unordered pair &, w, with a # w,

g(a) = g(w) and f (&) # f(w):
this edge joins vertices f(«) and f(w).

There are no loops.

If i # j then the number of edges between vertices i and j is

b
Z ]s;

this is called the concurrence of i and j,
and is the (i,j)-entry of A = NN .
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Example 1: v=4,b=k=3

Levi graph
can recover design
more vertices
more edges if k = 2
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Example 2: v=8,b=4,k=23
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Example 3: v=15,b=7, k=3
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Laplacian matrices.
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Laplacian matrix of the concurrence graph

The Laplacian matrix L of the concurrence graph G is a
v X v matrix with (i, j)-entry as follows:
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Laplacian matrix of the concurrence graph

The Laplacian matrix L of the concurrence graph G is a
v X v matrix with (i, j)-entry as follows:

» if i # jthen

L = —(number of edges between i and j) = —A;;;
» L; = valency of i = Z)\i]-.
j#i

The off-diagonal entries are the same as those of —A.
The diagonal entries make each row sum to zero.

So the graph-theoretic definition of Laplacian matrix gives us
exactly the Laplacian matrix L that we defined before.
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Laplacian matrix of the Levi graph

The Laplacian matrix L of the Levi graph Gisa
(v+4b) x (v -+ b) matrix with (i, j)-entry as follows:
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Laplacian matrix of the Levi graph

The Laplacian matrix L of the Levi graph Gisa
(v+4b) x (v -+ b) matrix with (i, j)-entry as follows:

» [; = valency of i
k if i is a block

replication r; of i if i is a treatment

» if i # jthen L;; = —(number of edges between i and j)

if i and j are both treatments
if i and j are both blocks

0
0
—N,

E;() i; - { 12 __1\] ] 7

—NT kI,

which is exactly the same as our previous definition of L.

ij ifiisa treatment and j is a block, or vice versa.
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Connectivity

All row-sums of L and of L are zero,
so both matrices have 0 as eigenvalue
on the appropriate all-1 vector.
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AR
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Connectivity

All row-sums of L and of L are zero,
so both matrices have 0 as eigenvalue
on the appropriate all-1 vector.

Theorem
The following are equivalent.

1. 0is a simple eigenvalue of L;
G is a connected graph;
G is a connected graph;
0 is a simple eigenvalue of L;

AR

the design A is connected in the sense that all differences between
treatments can be estimated.

From now on, assume connectivity.

Call the remaining eigenvalues non-trivial.

They are all non-negative.
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Estimation and variance.
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Variance: why does it matter?
We want to estimate all the simple differences 7; — ;.

Put Vj; = variance of the best linear unbiased estimator for
T — T]

The length of the 95% confidence interval for 7; — 7j is
proportional to ,/V;.
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Variance: why does it matter?
We want to estimate all the simple differences 7; — ;.

Put Vj; = variance of the best linear unbiased estimator for
T — T]

The length of the 95% confidence interval for 7; — 7j is
proportional to ,/V;.

(If we always present results using a 95% confidence interval,
our interval will contain the true value in 19 cases out of 20.)

The smaller the value of Vj;, the smaller is the confidence
interval, the closer is the estimate to the true value (on
average), and the more likely are we to detect correctly which
of 7; and 7; is bigger.

We can make better decisions about new drugs, about new
varieties of wheat, about new engineering materials ... if we
make all the V;; small.
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How do we calculate variance?

Theorem
Assume that all the noise is independent, with variance 2.
If Y i x; = O, then the variance of the best linear unbiased estimator of
Y. xiT; is equal to

(x"L™x)ko?.
In particular, the variance of the best linear unbiased estimator of the
simple difference T; — 7j is

Vi = (L +1; —2L; ) ko
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How do we calculate variance?

Theorem
Assume that all the noise is independent, with variance 2.
If Y i x; = O, then the variance of the best linear unbiased estimator of
Y. xiT; is equal to

(x"L™x)ko?.
In particular, the variance of the best linear unbiased estimator of the
simple difference T; — 7j is

Vi = (L +1; —2L; ) ko

Comment
All vectors in this lecture are column vectors.

18/62



. Or we can use the Levi graph

Theorem
The variance of the best linear unbiased estimator of the simple
difference T; — T; is

vy = (L7 +L; —2L;) o
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Resistance distance.
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Electrical networks: variance and resistance

We can consider the concurrence graph G as an electrical
network, and define the resistance distance R;; between any
pair of distinct vertices i and j.

Comment
The resistance distance R;; was written as R(i, j) in Lecture IL
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Electrical networks: variance and resistance

We can consider the concurrence graph G as an electrical
network, and define the resistance distance R;; between any
pair of distinct vertices i and j.

Comment
The resistance distance R;; was written as R(i, j) in Lecture IL

Theorem
The resistance distance R;; between vertices i and j in G is

Ry = (Ly +1Lj —2L5 ).

So
Vi]' = R,‘]‘ X kO’Z.

Resistance distances are easy to calculate without
matrix inversion if the graph is sparse.
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Comments on calculating resistance distance

If I want to calculate the resistance distance between vertices i
and j, I start by assigning voltage [0] at vertex i.

Then I send a current x along one of the edges out of i.

I am not a physicist, so I show the electricity running uphill,
and the end of that edge gets allocated voltage [x].
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Comments on calculating resistance distance

If I want to calculate the resistance distance between vertices i
and j, I start by assigning voltage [0] at vertex i.

Then I send a current x along one of the edges out of i.

I am not a physicist, so I show the electricity running uphill,
and the end of that edge gets allocated voltage [x].

I apply one of Kirchoff’s Laws at each vertex,
and the other of Kirchoff’s Laws in each edge.

When I reach vertex j, there are some equations to solve,
enabling me to give the voltage [V] at vertex j and then
calculate the total current I flowing from vertex i to vertex j.

Ohm’s Law gives
V = IR,

which [ use to calculate R;; as V/I.
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Example calculation: v =12, b=6,k =23
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Example calculation: v =12, b=6,k =23

V=47
I =36

47
R = =

- 36
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... Or we can use the Levi graph

If i and j are treatment vertices in the Levi graph G
and R;; is the resistance distance between them in G then

Vij = Rl] X (72.
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Example 2 yet again: v =8, b=4, k=3
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Example 2 yet again: v =8, b=4, k=3
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Levi graph concurrence graph
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Levi graph for the example before last
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Resistance calculation for previous slide

R = Rip+Rpo

because resistances in series are simply added together.
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R = Rip+Rpo

because resistances in series are simply added together.

But Rg, = 1, and so
Ry = Rip+ 1.

There are two disjoint paths from vertex 1 to vertex B,
of lengths 5 and 7. These have resistances 5 and 7 in parallel, so
1 1 35

jélf? = 1 = 172 — 1~
+7 x 12

Q1=
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Resistance calculation for previous slide

R = Rip+Rpo

because resistances in series are simply added together.

But Rg, = 1, and so
Ry = Rip+ 1.

There are two disjoint paths from vertex 1 to vertex B,
of lengths 5 and 7. These have resistances 5 and 7 in parallel, so

Rip = 1 : 1 _%_ﬁ‘

st7 » 12
Therefore ) 35 "
Rp=3+1=15.
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Concurrence graph or Levi graph?

For hand calculation when the graphs are sparse,

or for calculations for ‘general” graphs with variable v,
it may be simpler to use the Levi graph rather than the
concurrence graph if k > 3.
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Spanning trees.
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Spanning trees in the two graphs

Theorem

Let G and G be the concurrence graph and Levi graph for a connected
incomplete-block design for v treatments in b blocks of size k.

Then the number of spanning trees for G is equal to

K'=o+1 times the number of spanning trees for G.
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Spanning trees in the two graphs: proof

Proof.
Let t and f be the number of spanning trees for G and G

respectively. Then
t = detl, and f=detl;,

where the subscript 1 denotes the removal of the row and
column corresponding to treatment 1.

32/62



Spanning trees in the two graphs: proof

Proof.
Let t and f be the number of spanning trees for G and G

respectively. Then
t = detl, and f=detl;,

where the subscript 1 denotes the removal of the row and
column corresponding to treatment 1.

Ry —N; }

detl; = det[ _N1T K,

32/62



Spanning trees in the two graphs: proof

Proof.
Let t and f be the number of spanning trees for G and G

respectively. Then
t = detl, and f=detl;,

where the subscript 1 denotes the removal of the row and
column corresponding to treatment 1.

detlL; = det [ N _NT 4k (kI)NT

Ry —Nl} _ det[ Ry —k ' (N))N{ =Ny

38

32/62



Spanning trees in the two graphs: proof

Proof.

Let t and f be the number of spanning trees for G and G
respectively. Then

t = detL; = det(kRy — NyN{) and I =detL,,

where the subscript 1 denotes the removal of the row and
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Spanning trees in the two graphs: proof

Proof.
Let t and f be the number of spanning trees for G and G
respectively. Then

t = detL; = det(kRy — NyN{) and I =detL,,

where the subscript 1 denotes the removal of the row and
column corresponding to treatment 1.

detl; = det[ _Rl Nl} :det[ Ry —k~'(N1)N; —N;

N{ kI —N; +k~Y(kI,)N, kI,

_ k'L —Ni | _ e b
= det[ 0 K, ] =k detl; x k

so F=detl; = k""tldetl; = kK" oL
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Spanning trees in the two graphs: strategy

We have shown that
F=kbotl,

where t is the number of spanning trees for the concurrence

graph and 7 is the number of spanning trees for the Levi graph.
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Spanning trees in the two graphs: strategy

We have shown that
F=kbotl,

where t is the number of spanning trees for the concurrence

graph and 7 is the number of spanning trees for the Levi graph.

If v > b+ 2thent < t, so count the number of spanning trees
for the Levi graph, then multiply by k?~~! to obtain the
number of spanning trees for the concurrence graph.

If v < b then do it the other way round.
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Example 2: v =8, b = 4, k = 3, spanning trees

_
N
[68)
I

Levi graph concurrence graph
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Example 2: v =8, b = 4, k = 3, spanning trees

N
[68)
=~
—_

Q1

)

Levi graph concurrence graph
8 spanning trees 216 spanning trees
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Measures of optimality.
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Optimality: Average pairwise variance

The variance of the best linear unbiased estimator of the simple
difference 7; — 7j is

Vij = (L; + L]; — 2L;> kU’z = Ri]'kUz.
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We want all of the Vj; to be small.

Vi]' = (Z)— 1) ZL; — ZL;
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The variance of the best linear unbiased estimator of the simple
difference 7; — 7j is

V= (LZ; +L; — 2LZ.]_.> ko? = Ryjko?.

We want all of the Vj; to be small.

Vi]' = (Z)— 1) ZL; — ZL;

2
ko* 5o i i

= 0 ZL; because the row sums of L~ are zero
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Optimality: Average pairwise variance

The variance of the best linear unbiased estimator of the simple
difference 7; — 7j is

V= (LZ; +L; — 2LZ.]_.> ko? = Ryjko?.

We want all of the Vj; to be small.

1<i<j<v i i
= 0 ZL; because the row sums of L™ are zero
i

= wvTrace(L")
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Optimality: Average pairwise variance

The variance of the best linear unbiased estimator of the simple
difference 7; — 7j is

Vi = (Li +1Lj — 2L ) ko? = Rifko®
We want all of the Vj; to be small.

1 _ _
o2 Y, Vi = (v_l)ZLii_ZLij

1<i<j<v i i
= 0 ZL; because the row sums of L™ are zero
i
= wvTrace(L")
= v <1 + 4+ ! )
01 01/’

where 6y, ..., 6,1 are the nontrivial eigenvalues of L.

36/62



Optimality: Average pairwise variance, continued

The variance of the best linear unbiased estimator of the simple
difference 7; — 7; is Vj;. We want all of the V; to be small.
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Optimality: Average pairwise variance, continued

The variance of the best linear unbiased estimator of the simple
difference 7; — 7; is Vj;. We want all of the V; to be small.

Put V = average value of the V;;. Then

Yi<ici<o Vij

V= v(v—1)/2
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Optimality: Average pairwise variance, continued

The variance of the best linear unbiased estimator of the simple
difference 7; — 7; is Vj;. We want all of the V; to be small.

Put V = average value of the V;;. Then

7 21§i<j§v Vij _ ko? xo|—=+... .+ ,
o(v—-1)/2  ov(w-1)/2 b1 Bo-1
= 2ko? x L

harmonic mean of 6;,...,0,_1’

where 6y, ..., 6,1 are the nontrivial eigenvalues of L.
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A-Optimality

A block design is called A-optimal if it minimizes the average
of the variances V;;
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A-Optimality

A block design is called A-optimal if it minimizes the average
of the variances Vii;

—equivalently, it maximizes the harmonic mean of the
non-trivial eigenvalues of the Laplacian matrix L;
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A-Optimality

A block design is called A-optimal if it minimizes the average
of the variances Vii;

—equivalently, it maximizes the harmonic mean of the
non-trivial eigenvalues of the Laplacian matrix L;

over all block designs with block size k and the given v and b.
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Non-trivial eigenvalues of L

61, ..., 6,_1 are the nontrivial eigenvalues of L.
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Non-trivial eigenvalues of L

61, ..., 6,_1 are the nontrivial eigenvalues of L.

If the design is binary then all diagonal elements of L are equal
tor(k—1),and so

6+ +6,1 =ovr(k—1).
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Non-trivial eigenvalues of L

61, ..., 6,_1 are the nontrivial eigenvalues of L.

If the design is binary then all diagonal elements of L are equal
tor(k—1),and so

6+ +6,1 =ovr(k—1).

If these are all equal then their harmonic mean is

or(k—1)
v—1 "~
and so 1
_ 0 —
=V =2ko? X ———
Vi=V ko~ x ork—1)’

as we saw before for BIBDs.

If 0; ..., 8,1 are not all equal then
their harmonic mean is smaller and so V is larger.
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Optimality: Confidence region

When v > 2 the generalization of confidence interval is the
confidence ellipsoid around the point (13, ..., %) in the
hyperplane in R” with }; 7; = 0. The volume of this confidence
ellipsoid is proportional to

5}

H
| —

T
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Optimality: Confidence region

When v > 2 the generalization of confidence interval is the
confidence ellipsoid around the point (13, ..., %) in the
hyperplane in R” with }; 7; = 0. The volume of this confidence
ellipsoid is proportional to

[ay

%

1

g = (geometric mean of 6y, .. ., 0,_1)" (172
1

Il
—_

i
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Optimality: Confidence region

When v > 2 the generalization of confidence interval is the
confidence ellipsoid around the point (13, ..., %) in the
hyperplane in R” with }; 7; = 0. The volume of this confidence
ellipsoid is proportional to

5}

H
| —

= (geometric meanof 6, ..., Gv_l)—(v—l)/z

T
—
Ko

1

/v x number of spanning trees for G’
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Optimality: Confidence region

When v > 2 the generalization of confidence interval is the
confidence ellipsoid around the point (13, ..., %) in the
hyperplane in R” with }; 7; = 0. The volume of this confidence
ellipsoid is proportional to

(s
AN
| —

= (geometric meanof 6, ..., Gv_l)—(v—l)/z

T
—
Ko

1
/v x number of spanning trees for G’

(Lecture II showed that the number of spanning trees for G is

01 X6y X -+ X0,
U 4

using the notation Ay, ..., A, for 6y, ..., 6,.)
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D-Optimality

A block design is called D-optimal if it minimizes the volume
of the confidence ellipsoid for (%y,..., %) ;
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A block design is called D-optimal if it minimizes the volume
of the confidence ellipsoid for (%y,..., %) ;

—equivalently, it maximizes the geometric mean of the
non-trivial eigenvalues of the Laplacian matrix L;
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D-Optimality

A block design is called D-optimal if it minimizes the volume
of the confidence ellipsoid for (%y,..., %) ;

—equivalently, it maximizes the geometric mean of the
non-trivial eigenvalues of the Laplacian matrix L;
—equivalently, it maximizes the number of spanning trees for
the concurrence graph G;

41/62



D-Optimality

A block design is called D-optimal if it minimizes the volume
of the confidence ellipsoid for (%y,..., %) ;

—equivalently, it maximizes the geometric mean of the
non-trivial eigenvalues of the Laplacian matrix L;
—equivalently, it maximizes the number of spanning trees for
the concurrence graph G;

—equivalently, it maximizes the number of spanning trees for
the Levi graph G;
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D-Optimality

A block design is called D-optimal if it minimizes the volume
of the confidence ellipsoid for (%y,..., %) ;

—equivalently, it maximizes the geometric mean of the
non-trivial eigenvalues of the Laplacian matrix L;
—equivalently, it maximizes the number of spanning trees for
the concurrence graph G;

—equivalently, it maximizes the number of spanning trees for
the Levi graph G;

over all block designs with block size k and the given v and b.
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Optimality: Worst case

If x is a contrast in IR? then the variance of the estimator of x' T
is (x "L~ x)ko?.
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is (x "L~ x)ko?.

If we multiply every entry in x by a constant c then this
variance is multiplied by c%;
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If we multiply every entry in x by a constant c then this
variance is multiplied by ¢?; and x " x is also multiplied by 2.

The worst case is for contrasts x giving the maximum value of

x'L™x
xTx
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Optimality: Worst case

If x is a contrast in IR? then the variance of the estimator of x' T
is (x "L~ x)ko?.

If we multiply every entry in x by a constant c then this
variance is multiplied by ¢?; and x " x is also multiplied by 2.

The worst case is for contrasts x giving the maximum value of

x'L™x
xTx

These are precisely the eigenvectors corresponding to 01,
where 6, is the smallest non-trivial eigenvalue of L.
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E-Optimality

A block design is called E-optimal if it maximizes the
smallest non-trivial eigenvalue of the Laplacian matrix L;
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E-Optimality

A block design is called E-optimal if it maximizes the
smallest non-trivial eigenvalue of the Laplacian matrix L;
over all block designs with block size k and the given v and b.
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Some optimal designs.
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BIBDs are optimal

Theorem (Kshirsagar, 1958; Kiefer, 1975)

If there is a balanced incomplete-block design (BIBD) (2-design)
for v treatments in b blocks of size k,

then it is A-, D- and E-optimal.

Moreover, in this case, no non-BIBD is A-, D- or E-optimal.
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BIBDs are optimal

Theorem (Kshirsagar, 1958; Kiefer, 1975)

If there is a balanced incomplete-block design (BIBD) (2-design)
for v treatments in b blocks of size k,

then it is A-, D- and E-optimal.

Moreover, in this case, no non-BIBD is A-, D- or E-optimal.

Proof.

Let T = Trace(L). For any given value of T, the harmonic mean
of 0y, ..., 0,_1, the geometric mean of 0y, ..., 0,_1, and the
minimum of 6y, ..., 6, 1 are all maximized at T/ (v — 1) when
6h =---=6,_1=T/(v—1). This occurs if and only if L is a
scalar multiple of I, — v .
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BIBDs are optimal

Theorem (Kshirsagar, 1958; Kiefer, 1975)

If there is a balanced incomplete-block design (BIBD) (2-design)
for v treatments in b blocks of size k,

then it is A-, D- and E-optimal.

Moreover, in this case, no non-BIBD is A-, D- or E-optimal.

Proof.

Let T = Trace(L). For any given value of T, the harmonic mean
of 0y, ..., 0,_1, the geometric mean of 0y, ..., 0,_1, and the
minimum of 6y, ..., 6, 1 are all maximized at T/ (v — 1) when
6h =---=6,_1=T/(v—1). This occurs if and only if L is a
scalar multiple of I, — v .

Since T = ¥_;(kr; — A;;) = bk?> — ¥; Aj;, the trace is maximized if
and only if the design is binary. Among binary designs, the
off-diagonal elements of L are equal if and only if the design is
balanced. O
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Folklore about optimal designs

For many years after it was known that BIBDs are A-, D- and
E-optimal, statisticians assumed the following.

» Only binary incomplete-block designs can be optimal.
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» Optimal incomplete-block designs must have
all their treatment replications as equal as possible.
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» If an incomplete-block design is optimal on one of the
three optimality criteria, then it must be optimal,
or close to optimal, on the other two optimality criteria.
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Folklore about optimal designs

For many years after it was known that BIBDs are A-, D- and
E-optimal, statisticians assumed the following.

» Only binary incomplete-block designs can be optimal.

» Optimal incomplete-block designs must have
all their treatment replications as equal as possible.
» If an incomplete-block design is optimal on one of the

three optimality criteria, then it must be optimal,
or close to optimal, on the other two optimality criteria.

So we restricted our search for optimal designs,
using these assumptions.
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Folklore about optimal designs

For many years after it was known that BIBDs are A-, D- and
E-optimal, statisticians assumed the following.
» Only binary incomplete-block designs can be optimal.

» Optimal incomplete-block designs must have
all their treatment replications as equal as possible.

» If an incomplete-block design is optimal on one of the
three optimality criteria, then it must be optimal,
or close to optimal, on the other two optimality criteria.

So we restricted our search for optimal designs,
using these assumptions.

Now we know that all three assumptions are wrong.
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Example 4: v=5,b=7, k=23
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Example 4: v=5,b=7,k

1{1(1]2]|2
313|14|13|3/4
415|514 |5|5

-1 -3 -2 -2
8§ -3 -2 -2
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-2 -2 8 -2
-2 -2 -2 8
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maximal trace

4 5

eigenvalues equal
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Example 4: v =5, b =7, k = 3; optimality criteria

1{1|1]|1|2(2]|2 1{1|1|1|2(2|2
213(3(4(3|3|4 1/3|3|/4|13(34
314(5/5(4|5|5 2|14|5/5(4|5|5

maximal trace eigenvalues equal

48 /62



Example 4: v =5, b =7, k = 3; optimality criteria

1{1]1)1]2]2]|2 1{1]1)1]2]2]|2

213|3[4(3(3|4 1/3/3(4|3|3|4

3/4|5/5(4|5]|5 2|/4|5|5(4|5]|5
maximal trace eigenvalues equal

eigenvalues 13,10, 10,9 10, 10, 10, 10

48 /62



Example 4: v =5, b =7, k = 3; optimality criteria

111112122 111112122
213(3(4(3|3|4 1/3|3[|4(3[3|4
3/4(5(5(4]5]5 214(5(5(4]5]|5
maximal trace eigenvalues equal
eigenvalues 13,10, 10,9 10, 10, 10, 10

harmonic mean 10.31 10
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Example 4: v =5, b =7, k = 3; optimality criteria

eigenvalues
harmonic mean

geometric mean
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Example 4: v =5, b =7, k = 3; optimality criteria

eigenvalues
harmonic mean
geometric mean

smallest

N =

111(1(2)|2
3134|133
415|545

=~ N

N

1(1|1]1|2(2
3134|133
2|14|5/5(4|5|5

—_
=

maximal trace

13,10, 10,9

10.31

10.40

eigenvalues equal
10, 10, 10, 10
10
10

10
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Some group-divisible optimal designs

Theorem (Cheng, 1981)

Group-divisible designs with two groups in which
the between-group concurrence is one more than the within-group
concurrence are A-, D- and E-optimal.
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Some group-divisible optimal designs

Theorem (Cheng, 1981)

Group-divisible designs with two groups in which

the between-group concurrence is one more than the within-group
concurrence are A-, D- and E-optimal.

Theorem (Cheng, 1981)

Group-divisible designs in which the between-group concurrence is
one more than the within-group concurrence

are A-, D- and E-optimal among equireplicate designs whose
concurrences differ by at most one.
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Some other optimal partially balanced designs

Theorem (Cheng and Bailey, 1991)

Partially balanced designs with two associate classes,

in which the two concurrences differ by 1

and the matrix (rk) 'L = r~1C has an eigenvalue equal to 1
are A-, D- and E-optimal among binary equireplicate designs.

50/62



Some other optimal partially balanced designs

Theorem (Cheng and Bailey, 1991)

Partially balanced designs with two associate classes,

in which the two concurrences differ by 1

and the matrix (rk) 'L = r~1C has an eigenvalue equal to 1

are A-, D- and E-optimal among binary equireplicate designs.
In particular, square-lattice designs are A-, D- and E-optimal
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Some other optimal partially balanced designs

Theorem (Cheng and Bailey, 1991)

Partially balanced designs with two associate classes,

in which the two concurrences differ by 1

and the matrix (rk) 'L = r~1C has an eigenvalue equal to 1
are A-, D- and E-optimal among binary equireplicate designs.

In particular, square-lattice designs are A-, D- and E-optimal
among binary equireplicate designs.

Comment

Generalized quadrangles are a special case of partially
balanced incomplete-block designs with two associate classes
which satisfy these conditions.
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Section 8

Designs with very low replication.
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Lowest possible replication

The Levi graph has v + b vertices and bk edges.
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Then all connected Levi graphs are trees,
so the D-criterion does not distinguish them.

In a tree, resistance distance is the same as graph distance,
so the A-optimal designs have Levi graphs which are stars
with a treatment-vertex at the centre:
these are just the queen-bee designs.
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Lowest possible replication

The Levi graph has v + b vertices and bk edges.
For connectivity, bk > v+ b — 1.
The extreme caseisv — 1 = b(k —1).

Then all connected Levi graphs are trees,
so the D-criterion does not distinguish them.

In a tree, resistance distance is the same as graph distance,
so the A-optimal designs have Levi graphs which are stars
with a treatment-vertex at the centre:
these are just the queen-bee designs.

The E-optimal designs are also queen-bee designs:
proof coming up.
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E-optimal designs when the Levi graph is a tree
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E-optimal designs when the Levi graph is a tree

By the Cutset Lemma,

11
b<2(24+—)<1
1S <5+10><
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E-optimal designs when the Levi graph is a tree

By the Cutset Lemma, eigenvalues 1 (between blocks),
1 1
0 <2 <5 + 10) <1 k (within any block), v (queen vs rest)
This argument works for This argument works for

all non-queen-bee designs all queen-bee designs
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E-optimal designs when the Levi graph is a tree

By the Cutset Lemma, eigenvalues 1 (between blocks),

0 <2 <; + 110> <1 k (within any block), v (queen vs rest)
This argument works for This argument works for
all non-queen-bee designs all queen-bee designs

The only E-optimal designs are the queen-bee designs.
53/62



More details about the calculation for the queen-bee design

Label the treatments so that the queen-bee is 1. For the design

shown in the previous slide with k = 3, put treatments 2 and 3
in the same block, treatments 4 and 5 in the same block, and so
on. Then the top left-hand corner of L is given by

4 -1 -1 -1 -1
-1 2 -1 0 O
-1 -1 2 0 0
-1 0 0 2 -1
-1 0 0 -1 2
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More details about the calculation for the queen-bee design

Label the treatments so that the queen-bee is 1. For the design

shown in the previous slide with k = 3, put treatments 2 and 3
in the same block, treatments 4 and 5 in the same block, and so
on. Then the top left-hand corner of L is given by

4 -1 -1 -1 -1
-1 2 -1 0 O
-1 -1 2 0 0
-1 0 0 2 -1
-1 0 0 -1 2

Putx = (0,1,-1,0,0,...,0)7,y = (0,1,1,—1,—1,0,...,0)7
andz = (14,—-1,-1,-1,-1,...,-1)".
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More details about the calculation for the queen-bee design

Label the treatments so that the queen-bee is 1. For the design

shown in the previous slide with k = 3, put treatments 2 and 3
in the same block, treatments 4 and 5 in the same block, and so
on. Then the top left-hand corner of L is given by

4 -1 -1 -1 -1
-1 2 -1 0 O
-1 -1 2 0 0
-1 0 0 2 -1
-1 0 0 -1 2

Putx = (0,1,-1,0,0,...,0)",y=(0,1,1,-1,-1,0,...,0) "
andz = (14,—-1,-1,-1,-1,...,—1)". Then Lx = 3x (in
general, Lx = kx); Ly = y; and Lz = 15z (in general, Lz = vz).
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Only slightly less extreme

The Levi graph has v 4 b vertices and bk edges.
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If it is connected and is not a tree then bk > v + b.
The next case to consider isv = b(k — 1).

Then every Levi graph has a single cycle.

The number of spanning trees for the Levi graph
is equal to the length of the cycle, so the D-optimal designs
have a cycle of length 2b.
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Only slightly less extreme

The Levi graph has v 4 b vertices and bk edges.

If it is connected and is not a tree then bk > v + b.
The next case to consider isv = b(k — 1).

Then every Levi graph has a single cycle.

The number of spanning trees for the Levi graph
is equal to the length of the cycle, so the D-optimal designs
have a cycle of length 2b.  Like this ...

5
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A- and E-optimal designs when the Levi graph has 1 cycle

Arguments using resistance in the Levi graph show that the
A-optimal designs have a Levi graph with a short cycle,
and one special treatment in the cycle occurs in every block
which is not in the cycle.
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A- and E-optimal designs when the Levi graph has 1 cycle

Arguments using resistance in the Levi graph show that the
A-optimal designs have a Levi graph with a short cycle,
and one special treatment in the cycle occurs in every block
which is not in the cycle.

Arguments using the Cutset Lemma in the concurrence graph
show that the E-optimal designs have similar structure,
usually with an even shorter cycle in the Levi graph.
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Best designs when the Levi graph has 1 cycle

Suppose thatv = b(k — 1).

For 2 <'s < b, construct the design C (b, k, s) as follows.
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» Construct a design for s treatments in s blocks of size 2
whose Levi graph is a single cycle.
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Best designs when the Levi graph has 1 cycle

Suppose thatv = b(k — 1).
For 2 <'s < b, construct the design C (b, k, s) as follows.

» Construct a design for s treatments in s blocks of size 2
whose Levi graph is a single cycle.

» If k > 2, then insert k — 2 extra treatments into each block.
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Suppose thatv = b(k — 1).
For 2 <'s < b, construct the design C (b, k, s) as follows.

» Construct a design for s treatments in s blocks of size 2
whose Levi graph is a single cycle.

» If k > 2, then insert k — 2 extra treatments into each block.

» If s < b, then designate one of the original s treatments as a
“pseudo-queen”.
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Best designs when the Levi graph has 1 cycle

Suppose thatv = b(k — 1).
For 2 <'s < b, construct the design C (b, k, s) as follows.

» Construct a design for s treatments in s blocks of size 2
whose Levi graph is a single cycle.

» If k > 2, then insert k — 2 extra treatments into each block.

» If s < b, then designate one of the original s treatments as a
“pseudo-queen”.

» Each of the remaining b — s blocks contains the
pseudo-queen and k — 1 further treatments.
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A-optimal designs when the Levi graph has 1 cycle

Theorem
Ifv = b(k — 1) then the A-optimal designs are those in C(b,k,s),
where the value of s is given in the following table.

k b2 3 4567 89 10 11 12 >13
2 23 4567 8 4 4 4 30rd 3
3 23456333 3 3 2 2
4 2 3453222 2 2 2 2
5 2 3452222 2 2 2 2
>6 2 3422222 2 2 2 2
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Some non-binary designs when the Levi graph has 1 cycle

Suppose thatv = b(k —1).
If k > 3, then construct the design C(b,k, 1) as follows.
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If k > 3, then construct the design C(b,k, 1) as follows.

> Start with a single block of size 2 containing a single
treatment twice.
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If k > 3, then construct the design C(b,k, 1) as follows.

> Start with a single block of size 2 containing a single
treatment twice.

» Insert k — 2 extra treatments into this block.
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Some non-binary designs when the Levi graph has 1 cycle

Suppose thatv = b(k —1).
If k > 3, then construct the design C(b,k, 1) as follows.

> Start with a single block of size 2 containing a single
treatment twice.

> Insert k — 2 extra treatments into this block.

» If k > 3 then designate the treatment which occurs twice in
this block as the queen-bee treatment.
If k = 3 then either treatment in this block may be
designated the queen-bee treatment.
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Some non-binary designs when the Levi graph has 1 cycle

Suppose thatv = b(k —1).
If k > 3, then construct the design C(b,k, 1) as follows.

> Start with a single block of size 2 containing a single
treatment twice.

> Insert k — 2 extra treatments into this block.

» If k > 3 then designate the treatment which occurs twice in
this block as the queen-bee treatment.
If k = 3 then either treatment in this block may be
designated the queen-bee treatment.

» Each of the remaining b — 1 blocks contains the queen-bee
treatment and k — 1 further treatments.
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E-optimal designs when the Levi graph has 1 cycle

Theorem
Ifv=">b(k—1)and b > 3 and k > 3 then the E-optimal designs are

» thosein C(b,k,b)if3 <b <4
» those in C(b,k,2) and those in C(b,k,1) ifb > 5.
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E-optimal designs when the Levi graph has 1 cycle

Theorem
Ifv=">b(k—1)and b > 3 and k > 3 then the E-optimal designs are

» thosein C(b,k,b)if3 <b <4
» those in C(b,k,2) and those in C(b,k,1) ifb > 5.

Theorem
Ifk =2and v = b > 3 then the E-optimal designs are

» thosein C(b,2,b) if b <5

» thosein C(b,2,b), those in C(b,2,3) and those in C(b,2,2) if
b=6;

» those in C(b,2,3) and those in C(b,2,2) ifb > 7.
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Publications cited in these slides

» C.-S. Chéng, Optimality of certain asymmetrical
experimental designs, Annals of Statistics 6 (1978),
1239-1261.

» C.-S. Chéng, Maximizing the total number of spanning
trees in a graph: two related problems in graph theory and
optimum design theory, |. Combinatorial Theory Series B 31
(1981), 240-248.

» C.-S. Cheng and R. A. Bailey, Optimality of some
two-associate-class partially balanced incomplete-block
designs, Annals of Statistics 19 (1991), 1667-1671.
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