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Our subject

Combinatorialists think of a design as a collection of subsets,
but to a statistician it is more usually a partition (for example, a
partition of the experimental units according to the treatment
they will receive).
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Our subject

Combinatorialists think of a design as a collection of subsets,
but to a statistician it is more usually a partition (for example, a
partition of the experimental units according to the treatment
they will receive).

So we will be talking about partitions of the vertex set of a
graph.

For the concept we are discussing,

» some statisticians call it equivalent estimation;

» some other statisticians call it commutative orthogonal
block structure;

» some combinatorialists call it an equitable partition of the
graph.
Part of our message is that equitable partitions, a topic in
combinatorics, is of practical use in Design of Experiments.

Bailey and Cameron Designs on strongly regular graphs UWGTC, 26/11/24 2/35



OBS and COBS

Four weeks ago, we told you about orthogonal block
structures. Each of these is a sublattice of the partition lattice on
a set () which consists of uniform partitions (all parts of the
same size) and where the partitions, regarded as equivalence
relations, commute.
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OBS and COBS

Four weeks ago, we told you about orthogonal block
structures. Each of these is a sublattice of the partition lattice on
a set () which consists of uniform partitions (all parts of the
same size) and where the partitions, regarded as equivalence
relations, commute.

But this has very little to do with commutative orthogonal
block structures. So this name is something of a misnomer for
what we discuss here, although it is fairly widely used in some
quarters.
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Strongly regular graphs

Let () be a finite set of experimental units
(for example, plots in a field).
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Strongly regular graphs

Let () be a finite set of experimental units

(for example, plots in a field).

In the experiments that RAB designs, there is always some kind
of combinatorial structure on Q).

For this talk, the combinatorial structure is a graph I" with
vertex-set ().

This graph is regular if there is some constant d such that every
vertex is contained in d edges.

The graph I is strongly regular if
> itis regular;
» if two vertices are joined by an edge, then they have
p common neighbours, for some constant p;

> if two vertices are not joined by an edge, then they have
g common neighbours, for some constant g;

» the graph is neither complete nor null.
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The Petersen graph

This is a famous strongly regular graph.
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This is a famous strongly regular graph.

It has 10 vertices, each having degree 3.
If two vertices are joined by an edge, then they have no
common neighbours.
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The Petersen graph

This is a famous strongly regular graph.

It has 10 vertices, each having degree 3.

If two vertices are joined by an edge, then they have no
common neighbours.

If two vertices are not joined by an edge, then they have exactly

one common neighbour.
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Commutative linear algebra

Suppose that I' is a strongly regular graph with vertex-set ).
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Here are three () x () real matrices associated with I':

» the adjacency matrix A has A, g = 1if {«, B} is an edge,
and all other entries zero;

» the identity matrix I;
» the all-1 matrix J.
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Commutative linear algebra

Suppose that I' is a strongly regular graph with vertex-set ).
Here are three () x () real matrices associated with I':

» the adjacency matrix A has A, g = 1if {«, B} is an edge,

and all other entries zero;

» the identity matrix I;

» the all-1 matrix J.
Because the graph I' is strongly regular,
A? is a linear combination of A, I and J.
In this case, the real vector space R is the orthogonal direct
sum of subspaces Wy, W; and W, each of which is (contained
in) an eigenspace of A and an eigenspace of ], where W is the
one-dimensional subspace spanned by the all-1 vector u.
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Commutative linear algebra

Suppose that I' is a strongly regular graph with vertex-set ).
Here are three () x () real matrices associated with I':
» the adjacency matrix A has A, g = 1if {«, B} is an edge,
and all other entries zero;

» the identity matrix I;
» the all-1 matrix J.

Because the graph I' is strongly regular,

A? is a linear combination of A, I and J.

In this case, the real vector space R is the orthogonal direct
sum of subspaces Wy, W; and W, each of which is (contained
in) an eigenspace of A and an eigenspace of ], where W is the
one-dimensional subspace spanned by the all-1 vector u.

Let G be the automorphism group of I'. If I' has rank 3 then
G has precisely three orbits on () x (). These correspond to the
non-zero entries in the matrices [, Aand | — [ — A.
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A walk around Design of Experiments

A combinatorial structure on a finite set —

Commutative linear algebra over a finite-dimensional real
vector space.

How should we design an experiment with certain numbers
specified? —

Assumptions about some relevant random variables —
Eigenspaces, so back to linear algebra.

We will describe two different desirable statistical conditions
that translate easily into combinatorics and linear algebra.

We will illustrate each of these conditions when applied to the
same two combinatorial objects.
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Design question and statistical issues

We have a set 7 of t treatments. We need to choose a design,
which is a function f: () — 7T allocating treatment f(w) to
experimental unit w. How should we choose f?
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Assume that, for each treatment i, there is an unknown
constant 7; such that E(Y) = 1 if f(w) = i.
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Design question and statistical issues

We have a set 7 of t treatments. We need to choose a design,
which is a function f: () — 7T allocating treatment f(w) to
experimental unit w. How should we choose f?
For each w in (), there is a random variable Y,, which we will
measure.
Assume that, for each treatment i, there is an unknown
constant 7; such that E(Y) = 1 if f(w) = i.
We randomize the design by applying a random permutation
from G. When I has rank 3 this lets us assume that
o2 ifa=p
Cov(Yy, Yg) = p10° if a # Band {a, B} is an edge of T
0202 otherwise.
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Design question and statistical issues

We have a set 7 of t treatments. We need to choose a design,
which is a function f: () — 7T allocating treatment f(w) to
experimental unit w. How should we choose f?
For each w in (), there is a random variable Y,, which we will
measure.
Assume that, for each treatment i, there is an unknown
constant 7; such that E(Y) = 1 if f(w) = i.
We randomize the design by applying a random permutation
from G. When I has rank 3 this lets us assume that
o2 ifa=p
Cov(Yy, Yg) = p10° if a # Band {a, B} is an edge of T
0202 otherwise.

The eigenspaces of Cov(Y) are Wy, Wy and Wh.

Call the corresponding eigenvalues o, y1 and 7».

We do not know the values of 7g, 1 and 7y, in advance.
When is the choice of best design not affected by the values of
Yo, v1 and 72?
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Two different desirable statistical conditions

Condition A We want the variance V; of the estimator of 7; — 7;
to be the same for all pairs {i,j} of distinct
treatments.
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a way that, for all pairs {i,j} of distinct treatments,
there are A edges with i at one end and j at the
other.

Bailey and Cameron Designs on strongly regular graphs UWGTC, 26/11/24 9/35



Two different desirable statistical conditions

Condition A We want the variance V; of the estimator of 7; — 7;
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treatments.

Solution Allocate the treatments to the vertices of I in such
a way that, for all pairs {i,j} of distinct treatments,
there are A edges with i at one end and j at the
other.

Condition B We want the linear combination of the Y, (for
w € Q) which gives the best estimate of 7, — 7
(correct on average, smallest variance) to be the
same as the best estimator when 7y = y1 = 2.
This is the difference between the averages for
plots with treatment i and those with treatment ;.

Bailey and Cameron Designs on strongly regular graphs UWGTC, 26/11/24 9/35



Two different desirable statistical conditions

Condition A We want the variance V; of the estimator of 7; — 7;
to be the same for all pairs {i,j} of distinct
treatments.

Solution Allocate the treatments to the vertices of I in such
a way that, for all pairs {i,j} of distinct treatments,
there are A edges with i at one end and j at the
other.

Condition B We want the linear combination of the Y, (for
w € Q) which gives the best estimate of 7, — 7
(correct on average, smallest variance) to be the
same as the best estimator when 7y = y1 = 2.
This is the difference between the averages for
plots with treatment i and those with treatment ;.

Solution The subspace Vr of R consisting of vectors
which are constant on each treatment can be
orthogonally decomposed as

Wo @ (VrNWy) @ (VN Wa).
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Two conditions, two types of structure

We are going to discuss the Conditions A and B which we have
just defined in two families of strongly regular graphs with
rank 3:
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just defined in two families of strongly regular graphs with
rank 3:

» Combinatorial structure 1: Disjoint union of b complete
graphs each of size k.

» Combinatorial structure 2: Triangular graph T (m), the line
graph of the complete graph K.

We are mainly interested in Condition B, but in each case we
describe designs satisfying Condition A for comparison.
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Two conditions, two types of structure

We are going to discuss the Conditions A and B which we have
just defined in two families of strongly regular graphs with
rank 3:

» Combinatorial structure 1: Disjoint union of b complete
graphs each of size k.

» Combinatorial structure 2: Triangular graph T(m), the line
graph of the complete graph K.

We are mainly interested in Condition B, but in each case we
describe designs satisfying Condition A for comparison.
Condition B is the one referred to as Commutative Orthogonal
Block Structure or COBS by some statisticians.
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Combinatorial Structure 1: Partition into Blocks

This is probably the best-known combinatorial structure in
Design of Experiments.

The set () is partitioned into b blocks, each of size k.

Thus I consists of b disjoint copies of the complete graph on
k vertices. This is strongly regular.
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Thus I consists of b disjoint copies of the complete graph on

k vertices. This is strongly regular.

For Condition A, we want the variance VZ-]- of the estimator of
T; — T; to be the same for all pairs {i,]} of distinct treatments. If
Y1 # 72 and k < t then the only way to achieve this is to use a
balanced incomplete-block design.
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Thus I consists of b disjoint copies of the complete graph on

k vertices. This is strongly regular.

For Condition A, we want the variance VZ-]- of the estimator of
T; — T; to be the same for all pairs {i,]} of distinct treatments. If
Y1 # 72 and k < t then the only way to achieve this is to use a
balanced incomplete-block design.

This means that each treatment occurs no more than once in
each block, and there is an integer A such that, for all pairs {i,j}
of distinct treatments, there are A blocks in which i and j both
occur.
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Combinatorial Structure 1: Partition into Blocks

This is probably the best-known combinatorial structure in
Design of Experiments.

The set () is partitioned into b blocks, each of size k.

Thus I consists of b disjoint copies of the complete graph on

k vertices. This is strongly regular.

For Condition A, we want the variance VZ-]- of the estimator of
T; — T; to be the same for all pairs {i,]} of distinct treatments. If
Y1 # 72 and k < t then the only way to achieve this is to use a
balanced incomplete-block design.

This means that each treatment occurs no more than once in
each block, and there is an integer A such that, for all pairs {i,j}
of distinct treatments, there are A blocks in which i and j both
occur.

If k = t then each block must contain every treatment.

If k > t then something slightly more complicated is needed.
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An example of a balanced incomplete-block design

Here is a balanced incomplete-block design with b = 14, k = 4,

t=8and A = 3.
(1[3]5]7] [2]4]6]8]
[1[2]5]6] [3]4]7]8]
[1[2]3]4] [5]6]7]8]
[1[4]5]8] [2]3]6]7]
[1[3]6]8] [2]4]5]7]
[1[2]7]8] [3]4]5]6]
[1[4]6]7] [2]3]5]8]
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Partition into Blocks: Condition B

The set () is partitioned into b blocks, each of size k.
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Partition into Blocks: Condition B

The set () is partitioned into b blocks, each of size k.
Let Vj be the b-dimensional subspace of R consisting of
vectors which are constant on each block.
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Partition into Blocks: Condition B

The set () is partitioned into b blocks, each of size k.

Let Vj be the b-dimensional subspace of R consisting of
vectors which are constant on each block.

Then Wy = (u), W; = VN WOL and W, = Vé-.
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The set () is partitioned into b blocks, each of size k.

Let Vj be the b-dimensional subspace of R consisting of

vectors which are constant on each block.

Then Wy = (u), W; = Vg N Wy and W, = Vé-.

Condition B We want the linear combination of the Y, (for
w € Q) which gives the best estimate of 7, — 7
(correct on average, smallest variance) to be the
same as the best estimator when vy = y1 = 72.
This is the difference between the averages for
plots with treatment i and those with treatment ;.
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Condition B We want the linear combination of the Y, (for
w € Q) which gives the best estimate of 7, — 7
(correct on average, smallest variance) to be the
same as the best estimator when vy = y1 = 72.
This is the difference between the averages for
plots with treatment i and those with treatment ;.

Since the treatment subspace V1 contains Wy, there are three
possibilities.
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Partition into Blocks: Condition B

The set () is partitioned into b blocks, each of size k.
Let Vj be the b-dimensional subspace of R consisting of
vectors which are constant on each block.
Then Wy = (u), W; = Vg N Wy and W, = Vé-.
Condition B We want the linear combination of the Y, (for
w € Q) which gives the best estimate of 7, — 7
(correct on average, smallest variance) to be the
same as the best estimator when vy = y1 = 72.
This is the difference between the averages for
plots with treatment i and those with treatment ;.
Since the treatment subspace V1 contains Wy, there are three
possibilities.
(a) Vr < Wy Wo.
(b) Vr < Wo@ Wi
(¢) VrNWyand VN W, are both non-zero, and
Vr=Wy &P (VT N Wl) S5, (VT N Wz).
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Solution (a) for Condition B

(a) Vr < Wy Ws.
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Solution (a) for Condition B

(a) Vr < Wy Ws.
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each block. This is called a complete-block design.
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Solution (a) for Condition B

(a) Vr < Wy Ws.
There are k treatments, and each occurs exactly once in
each block. This is called a complete-block design.
For example, when b = 4 and k = 3 we get

(1[2]3] [1]2]3] [1]2]3] [1]2]3]
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Solution (a) for Condition B

(a) Vr < Wy Ws.
There are k treatments, and each occurs exactly once in
each block. This is called a complete-block design.
For example, when b = 4 and k = 3 we get

(1[2]3] [1]2]3] [1]2]3] [1]2]3]

More generally, any subset of treatments may be merged
into a single treatment. For example,

[1[2]2] [1]2]2] [1]2]2] [1]2]2]
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Solution (b) for Condition B

(b) Vr < Wy W
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Solution (b) for Condition B

(b) Vr < Wy W
There are t treatments, where t divides b. Each treatment is
applied to every plot in each of b/t whole blocks.
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Solution (b) for Condition B

(b) Vr < Wy W
There are t treatments, where t divides b. Each treatment is
applied to every plot in each of b/t whole blocks.
For example, when b = 4,k = 3 and t = 2 we get

(AlA]A] [B[B[B] [A[A[A] [B]|B]B]
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Solution (b) for Condition B

(b) Vr < Wy W
There are t treatments, where t divides b. Each treatment is
applied to every plot in each of b/t whole blocks.
For example, when b = 4,k = 3 and t = 2 we get

(AlA]A] [B[B[B] [A[A[A] [B]|B]B]

Such designs are used when management constraints
make it impractical to apply the treatments to the
individual plots.

Bailey and Cameron Designs on strongly regular graphs UWGTC, 26/11/24 15/35



Solution (c) for Condition B

(c) VrNWy and Vp N W, are both non-zero, and
Vr=Wy &b (VT N W1) D (VT M WQ).
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Solution (c) for Condition B

(c) VrNWy and Vp N W, are both non-zero, and
Vr =Wy & (VT N W1) D (VT N WQ).
We combine the two previous approaches.
The treatment setis 71 x 7,
where | 71| = t, which divides b, and | 72| = k.
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(c) VrNWy and Vp N W, are both non-zero, and
Vr =Wy & (VT N W1) D (VT N WQ).
We combine the two previous approaches.
The treatment setis 71 x 7,
where | 71| = t, which divides b, and | 72| = k.
Each item from 75 is applied to one plot per block.
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(c) VrNWy and Vp N W, are both non-zero, and
Vr =Wy & (VT N W1) D (VT N WQ).
We combine the two previous approaches.
The treatment setis 71 x 7,
where | 71| = t, which divides b, and | 72| = k.
Each item from 75 is applied to one plot per block.
Each item from 7; is applied to b/t; whole blocks.
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Solution (c) for Condition B

(c) VrNWy and Vp N W, are both non-zero, and
Vr =Wy & (VT N Wl) D (VT N WQ).
We combine the two previous approaches.
The treatment setis 71 x 7,
where | 71| = t, which divides b, and | 72| = k.
Each item from 75 is applied to one plot per block.
Each item from 7; is applied to b/t; whole blocks.
For example, whenb =4,k =3,t = 6and t; = 2 we get

[A1[A2[A3] [B1[B2[B3] [A1[A2[A3] [B1[B2]B3]
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Solution (c) for Condition B

(c) VrNWy and Vp N W, are both non-zero, and
Vr =Wy & (VT N W1) D (VT N WQ).
We combine the two previous approaches.
The treatment setis 71 x 7,
where | 71| = t, which divides b, and | 72| = k.
Each item from 75 is applied to one plot per block.
Each item from 7; is applied to b/t; whole blocks.
For example, whenb =4,k =3,t = 6and t; = 2 we get

[A1[A2[A3] [B1[B2[B3] [A1[A2[A3] [B1[B2]B3]

These are called split-plot designs, and are widely used in
practice.
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Combinatorial Structure 2: Half-Diallel

Diallel experiments are traditionally used in plant breeding. In
a full diallel experiment, the experimental units are all ordered
crosses between m parental lines.
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Combinatorial Structure 2: Half-Diallel

Diallel experiments are traditionally used in plant breeding. In
a full diallel experiment, the experimental units are all ordered
crosses between m parental lines.

In situtations where the gender of the parent is irrelevant,

it is efficient to use half-diallel experiments, in which the
experimental units consist of all unordered crosses between

m parental lines, excluding self-crosses.
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Diallel experiments are traditionally used in plant breeding. In
a full diallel experiment, the experimental units are all ordered
crosses between m parental lines.

In situtations where the gender of the parent is irrelevant,

it is efficient to use half-diallel experiments, in which the
experimental units consist of all unordered crosses between

m parental lines, excluding self-crosses.

This structure is also useful in experiments where pairs of
individuals are required to complete some task, with both
individuals playing the same role.
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crosses between m parental lines.

In situtations where the gender of the parent is irrelevant,

it is efficient to use half-diallel experiments, in which the
experimental units consist of all unordered crosses between

m parental lines, excluding self-crosses.

This structure is also useful in experiments where pairs of
individuals are required to complete some task, with both
individuals playing the same role.

This happens in some experiments in human-computer
interaction.
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Combinatorial Structure 2: Half-Diallel

Diallel experiments are traditionally used in plant breeding. In
a full diallel experiment, the experimental units are all ordered
crosses between m parental lines.

In situtations where the gender of the parent is irrelevant,

it is efficient to use half-diallel experiments, in which the
experimental units consist of all unordered crosses between

m parental lines, excluding self-crosses.

This structure is also useful in experiments where pairs of
individuals are required to complete some task, with both
individuals playing the same role.

This happens in some experiments in human-computer
interaction.

For example, the aim of the experiment might be to compare
different methods for researchers to collaborate when they are
unable to meet face-to-face, such as email, online meetings,
old-fashioned letters, telephone calls with and without video.
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Combinatorial Structure 2: more detail

Now the set () consists of all unordered pairs from the set
{1,2,...,m} of m distinct individuals, where m > 4.
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Combinatorial Structure 2: more detail

Now the set () consists of all unordered pairs from the set
{1,2,...,m} of m distinct individuals, where m > 4.
These form the vertices of the graph I'.
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Combinatorial Structure 2: more detail

Now the set () consists of all unordered pairs from the set
{1,2,...,m} of m distinct individuals, where m > 4.

These form the vertices of the graph I'.

There is an edge between two distinct vertices if and only if
they have an individual in common.
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Combinatorial Structure 2: more detail

Now the set () consists of all unordered pairs from the set
{1,2,...,m} of m distinct individuals, where m > 4.

These form the vertices of the graph I'.

There is an edge between two distinct vertices if and only if
they have an individual in common.

Thus every vertex is joined to 2(m — 2) other vertices.
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Combinatorial Structure 2: more detail

Now the set () consists of all unordered pairs from the set
{1,2,...,m} of m distinct individuals, where m > 4.

These form the vertices of the graph I'.

There is an edge between two distinct vertices if and only if
they have an individual in common.

Thus every vertex is joined to 2(m — 2) other vertices.

This is called the triangular graph T (m).
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Combinatorial Structure 2: more detail

Now the set () consists of all unordered pairs from the set
{1,2,...,m} of m distinct individuals, where m > 4.

These form the vertices of the graph I'.

There is an edge between two distinct vertices if and only if
they have an individual in common.

Thus every vertex is joined to 2(m — 2) other vertices.

This is called the triangular graph T (m).

It is strongly regular, and its adjacency matrix A satisfies

A* = (2m —8)I+ (m — 6)A +4].
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The Petersen graph again

This labelling of the vertices shows that it is the complement of
the triangular graph T(5).

12

34 A 45

25 13
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How to picture the vertices of T(m) in general

When m = 6 the set () has 15 elements, which can be shown as
the cells of a 6 x 6 square lying below the main diagonal.
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How to picture the vertices of T(m) in general

When m = 6 the set () has 15 elements, which can be shown as
the cells of a 6 x 6 square lying below the main diagonal.

|1]2]3]4]5]

N Q1| =] W[ DN
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How to picture the vertices of T(m) in general

When m = 6 the set () has 15 elements, which can be shown as
the cells of a 6 x 6 square lying below the main diagonal.

|1]2]3]4]5]

N Q1| =] W[ DN

* = {3,5}
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How to picture the vertices of T(m) in general

When m = 6 the set () has 15 elements, which can be shown as
the cells of a 6 x 6 square lying below the main diagonal.

2

3| ol o

4 o

5/l oo | *x|o

6 o o ‘
* = {3,5}

o = vertices joined to vertex {3,5}
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Condition A on the Petersen graph

For each treatment, there is one edge that has that treatment on
both vertices.
For each pair of distinct treatments, there is one edge that has

them on its endpoints.
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Triangular Graph: Condition B

The set Q) consists of all unordered pairs from {1,2,...,m}.
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Triangular Graph: Condition B

The set Q) consists of all unordered pairs from {1,2,...,m}. For
i=1,...,m,let v; be the vector taking the value 1 on each pair
that includes individual i and value 0 elsewhere. Let V4 be
the m-dimensional subspace of R spanned by vy, ..., vy
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Triangular Graph: Condition B

The set Q) consists of all unordered pairs from {1,2,...,m}. For
i=1,...,m,let v; be the vector taking the value 1 on each pair
that includes individual i and value 0 elsewhere. Let V4 be
the m-dimensional subspace of R spanned by vy, ..., vy
Then Wy = (u), Wy = Vipg N Wy and W, = V&

ind*
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Triangular Graph: Condition B

The set Q) consists of all unordered pairs from {1,2,...,m}. For
i=1,...,m,let v; be the vector taking the value 1 on each pair
that includes individual i and value 0 elsewhere. Let V4 be
the m-dimensional subspace of R spanned by vy, ..., vy
Then Wy = (u), Wy = Ving N Wy and W, = Vi .

For Condition B, we want the linear combination of the Y, (for
w € Q) which gives the best estimate of 7; — 7; (correct on
average, smallest variance) to be the same as the best estimator

when yg = 711 = 7.
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Triangular Graph: Condition B

The set Q) consists of all unordered pairs from {1,2,...,m}. For
i=1,...,m,let v; be the vector taking the value 1 on each pair
that includes individual i and value 0 elsewhere. Let V4 be
the m-dimensional subspace of R spanned by vy, ..., vy
Then Wy = (u), Wy = Ving N Wy and W, = Vi .
For Condition B, we want the linear combination of the Y, (for
w € Q) which gives the best estimate of 7; — 7; (correct on
average, smallest variance) to be the same as the best estimator
when 7 = 71 = 72.

This is the difference between the averages for plots with
treatment i and those with treatment ;.
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Triangular Graph: Condition B

The set Q) consists of all unordered pairs from {1,2,...,m}. For
i=1,...,m,let v; be the vector taking the value 1 on each pair
that includes individual i and value 0 elsewhere. Let V4 be
the m-dimensional subspace of R spanned by vy, ..., vy
Then Wy = (u), Wy = Ving N Wy and W, = Vi .
For Condition B, we want the linear combination of the Y, (for
w € Q) which gives the best estimate of 7; — 7; (correct on
average, smallest variance) to be the same as the best estimator
when 7 = 71 = 72.

This is the difference between the averages for plots with
treatment i and those with treatment ;.

Since V1 contains Wy, there are three possibilities.
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Triangular Graph: Condition B

The set Q) consists of all unordered pairs from {1,2,...,m}. For
i=1,...,m,let v; be the vector taking the value 1 on each pair
that includes individual i and value 0 elsewhere. Let V4 be
the m-dimensional subspace of R spanned by vy, ..., vy
Then Wy = (u), Wy = Ving N Wy and W, = Vi .
For Condition B, we want the linear combination of the Y, (for
w € Q) which gives the best estimate of 7; — 7; (correct on
average, smallest variance) to be the same as the best estimator
when 7 = 71 = 72.

This is the difference between the averages for plots with
treatment i and those with treatment ;.

Since V1 contains Wy, there are three possibilities.

(a) Vr < Wy Wa.

(b) Vr < Wo @ Wy

(c) VrnWyand VN W, are both non-zero, and
Vr=Wo® (VrNnWp) & (VrNW,).
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Solution (a) for Condition B

(a) Vr < Wy Wo.
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Solution (a) for Condition B

(a) Vr < Wy Wo.
For treatment A, let p; be the number of pairs including
individual i on which A occurs. We were able to show that
if (a) holds then
» pai = paj = pa for all individuals i and j;
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Solution (a) for Condition B

(a) Vr < Wy Wo.
For treatment A, let p4; be the number of pairs including
individual i on which A occurs. We were able to show that
if (a) holds then
» pai = paj = pa for all individuals i and j;
> treatment A occurs on mp, /2 pairs, and so mp, is even for
all treatments A;
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Solution (a) for Condition B

(a) Vr < Wy Wo.

For treatment A, let p; be the number of pairs including
individual i on which A occurs. We were able to show that
if (a) holds then

» pai = paj = pa for all individuals i and j;

> treatment A occurs on mp, /2 pairs, and so mp, is even for

all treatments A;
> if py = 1then m is even and A occurs on m/2 pairs;
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Solution (a) for Condition B

(a) Vr < Wy Wo.

For treatment A, let p; be the number of pairs including
individual i on which A occurs. We were able to show that
if (a) holds then

» pai = paj = pa for all individuals i and j;

> treatment A occurs on mp, /2 pairs, and so mp, is even for

all treatments A;
> if py = 1then m is even and A occurs on m/2 pairs;
» if this is true for all treatments thent = m — 1.
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Solution (a) for Condition B

(a) Vr < Wy Wo.

For treatment A, let p; be the number of pairs including
individual i on which A occurs. We were able to show that
if (a) holds then

» pai = paj = pa for all individuals i and j;

> treatment A occurs on mp, /2 pairs, and so mp, is even for

all treatments A;
» if py =1 thenmiseven and A occurs on m/2 pairs;
» if this is true for all treatments thent = m — 1.

In this case, we can do this by using a symmetric Latin
square of order m with a single letter on the main diagonal
and omitting the main diagonal and plots above the main
diagonal.
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Solution (a) for Condition B

(a) Vr < Wy Wo.

For treatment A, let p; be the number of pairs including
individual i on which A occurs. We were able to show that
if (a) holds then

» pai = paj = pa for all individuals i and j;

> treatment A occurs on mp, /2 pairs, and so mp, is even for

all treatments A;
» if py =1 thenmiseven and A occurs on m/2 pairs;
» if this is true for all treatments thent = m — 1.

In this case, we can do this by using a symmetric Latin
square of order m with a single letter on the main diagonal
and omitting the main diagonal and plots above the main
diagonal.

(Start with a symmetric idempotent Latin square; add an
extra row at the bottom; move every diagonal element
down to the bottom row; then put a dummy like co on
every diagonal cell.)
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An example with m = 8

IO W >0

® ||| ul|k|w|N
WO mgal-
>0 0| w

™

!
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An example with m = 8

|t]2]3]4]5]6]7]
2] c

3|[D|E
s|E|F|G
5|F|cla|B
6|GlAa|B|[C|D
7lA[B|[C|[D[E|F
8|B|D|FlAa|[C|E|G

Each treatment occurs exactly once with each individual.
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An example with m = 8

|t]2]3]4]5]6]7]
2] c

3|[D|E
s|E|F|G
5|F|cla|B
6|GlAa|B|[C|D
7lA[B|[C|[D[E|F
8|B|D|FlAa|[C|E|G

Each treatment occurs exactly once with each individual.

Just as with complete-block designs, any subset of treatments

may be merged into a single treatment.

Bailey and Cameron

Designs on strongly regular graphs

UWGTC, 26/11/24
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Solution (a) for Condition B when m is odd

When m is odd, p4 must even for every treatment A.
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Solution (a) for Condition B when m is odd

When m is odd, p4 must even for every treatment A.
If ps = 2 for every treatment A then m = 2t 4 1.
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Solution (a) for Condition B when m is odd

When m is odd, p4 must even for every treatment A.

If ps = 2 for every treatment A then m = 2t 4 1.

Now label the treatments by {1,2,...,t}.

The treatment applied to the pair {i,j} is whichever is smaller
of the differences i — j and j — i modulo m.

Bailey and Cameron Designs on strongly regular graphs UWGTC, 26/11/24 25/35



Solution (a) for Condition B when m is odd

When m is odd, p4 must even for every treatment A.
If ps = 2 for every treatment A then m = 2t 4 1.

Now label the treatments by {1,2,...,t}.

The treatment applied to the pair {i,j} is whichever is smaller

of the differences i — j and j — i modulo m.

When m = 9 this gives

21
3201
4l3]2]1
504(3]2]1
6llalal3]2]1
703]4l4]3]2
8l213l4]4]3
9ll1(2(3]4]4 1]
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Solution (a) for Condition B when m =5

Here A represents &1 mod 5 and B represents =2 mod 5.
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Solution (b) for Condition B
(b) Vr < Wy Wi,
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Solution (b) for Condition B

(b) Vr < Wy Wi,
There is essentially only one solution.
There are precisely two treatments, say A and B. There is
one special individual i. Treatment A is applied to all pairs
containing i, and treatment B is applied to all other pairs.
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Solution (b) for Condition B

(b) Vr < Wy Wi,

There is essentially only one solution.

There are precisely two treatments, say A and B. There is
one special individual i. Treatment A is applied to all pairs
containing i, and treatment B is applied to all other pairs.
When m = 9 this gives

2| A
3||A|B
4|A|B|B
5|A|B|B|B
6|A|B|B|B|B
7|/A|B|B|B|B|B
8|A|B|B|B|B|B|B
91/A|B|B|B|B|B|B|B
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Solution (b) for Condition B when m =5

The two treatments are not equally replicated.
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Solution (c) for Condition 2

(c) VrNnWyand VN W, are both non-zero, and
Vr=Wo® (VrNnWp) @ (VrNnW,).
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Solution (c) for Condition 2

(c) VrNnWyand VN W, are both non-zero, and
Vr=Wo® (VrNnWp) @ (VrNnW,).
Here is a very general solution.
» Partition the set of individuals into n sorts Sy, ..., S, of size
$1,...,Sy, Wheren > 2.
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Solution (c) for Condition 2

(c) VrNnWyand VN W, are both non-zero, and
Vr=Wo® (VrNnWp) @ (VrNnW,).
Here is a very general solution.
» Partition the set of individuals into n sorts Sy, ..., S, of size
$1,...,Sy, Wheren > 2.
> Ifs; > 1 then put a solution (a) design on pairs of
individuals of sort i, using t; treatments forming a set 7;.
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Solution (c) for Condition 2

(c) VrNnWyand VN W, are both non-zero, and
Vr=Wo® (VrNnWp) @ (VrNnW,).
Here is a very general solution.
» Partition the set of individuals into n sorts Sy, ..., S, of size
$1,...,Sy, Wheren > 2.
> Ifs; > 1 then put a solution (a) design on pairs of
individuals of sort i, using t; treatments forming a set 7;.
» Ifs; = 2 then 7; has a single treatment with replication 1, so
avoid this case.
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Solution (c) for Condition 2

(c) VrNnWyand VN W, are both non-zero, and
Vr=Wo® (VrNnWp) @ (VrNnW,).
Here is a very general solution.
» Partition the set of individuals into n sorts Sy, ..., S, of size
$1,...,Sy, Wheren > 2.
> Ifs; > 1 then put a solution (a) design on pairs of
individuals of sort i, using t; treatments forming a set 7;.
» Ifs; = 2 then 7; has a single treatment with replication 1, so
avoid this case.
> If s; = 3 then the only way to avoid replication 1 is to have
ti=1.
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Solution (c) for Condition 2

(c) VrNnWyand VN W, are both non-zero, and
Vr=Wo® (VrNnWp) @ (VrNnW,).
Here is a very general solution.

>

| 2

>

Bailey and Cameron

Partition the set of individuals into n sorts Sy, ..., S, of size
S1,...,Sy, Wheren > 2.

If s; > 1 then put a solution (a) design on pairs of
individuals of sort i, using t; treatments forming a set 7;.

If s; = 2 then 7; has a single treatment with replication 1, so
avoid this case.

If s; = 3 then the only way to avoid replication 1 is to have
ti=1.

If n = 2 and s; = 1 then make sure that f, > 1, to avoid
solution (b).
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Solution (c) for Condition 2

(c) VrNnWyand VN W, are both non-zero, and
Vr=Wo® (VrNnWp) @ (VrNnW,).
Here is a very general solution.

Bailey and Cameron

>

| 2

Partition the set of individuals into n sorts Sy, ..., S, of size
S1,...,Sy, Wheren > 2.

If s; > 1 then put a solution (a) design on pairs of
individuals of sort i, using t; treatments forming a set 7;.

If s; = 2 then 7; has a single treatment with replication 1, so
avoid this case.

If s; = 3 then the only way to avoid replication 1 is to have
ti=1.

If n = 2 and s; = 1 then make sure that {, > 1, to avoid
solution (b).

If i <jthen let t;; be any common divisor of s; and s;. Make
a set 7?] of tij treatments. Allocate these to the cells in the
rectangle S; X §; in such a way that all treatments appear
equally often in each row and equally often in each column.
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Solution (c) for Condition 2

(c) VrNnWyand VN W, are both non-zero, and
Vr=Wo® (VrNnWp) @ (VrNnW,).
Here is a very general solution.

Bailey and Cameron

>

| 2

Partition the set of individuals into n sorts Sy, ..., S, of size
S1,...,Sy, Wheren > 2.

If s; > 1 then put a solution (a) design on pairs of
individuals of sort i, using t; treatments forming a set 7;.

If s; = 2 then 7; has a single treatment with replication 1, so
avoid this case.

If s; = 3 then the only way to avoid replication 1 is to have
ti=1.

If n = 2 and s; = 1 then make sure that {, > 1, to avoid
solution (b).

If i <jthen let t;; be any common divisor of s; and s;. Make
a set 7?] of tij treatments. Allocate these to the cells in the
rectangle S; X §; in such a way that all treatments appear
equally often in each row and equally often in each column.
Ifi <jands; = s; = 1 then 7 has a single treatment with

replication 1, so avoid this case.
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Theorem about this solution

Theorem
Fori=1,...,n,
let w; be the vector whose entries are

0 on all pairs which do not involve an individual of sort i
1 on all pairs which involve a single individual of sort i
2 on all pairs which involve two indiviudals of sort i
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Theorem about this solution

Theorem
Fori=1,...,n,
let w; be the vector whose entries are

0 on all pairs which do not involve an individual of sort i
1 on all pairs which involve a single individual of sort i
2 on all pairs which involve two indiviudals of sort i

Then

» The vectors Wy, ..., Wy, span an n-dimensional subspace of
VN (Wo @ Why).
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Theorem about this solution

Theorem
Fori=1,...,n,
let w; be the vector whose entries are

0 on all pairs which do not involve an individual of sort i
1 on all pairs which involve a single individual of sort i
2 on all pairs which involve two indiviudals of sort i

Then

» The vectors Wy, ..., Wy, span an n-dimensional subspace of
VN (Wo @ Why).
» Ifv € Vrisorthogonal tow; fori=1,...,nthen v € Wa.
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An example with two sorts

Herem =9,n=2,s1 =3, =6and t = 9.

H

~
o
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o
o
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N0 O|T T == (>~
W w OO TlT
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T

Mo |~
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An example with two sorts

Herem =9,n=2,s1 =3, =6and t = 9.

H

~
o
N
o
o
~
3

O R |[J|N ||| W|DN
N0 O|T O == >~
U|O|w = OO0 >

W w OO TlT

~ || Q™| m

QT T~

T

M|~

t

S1=11,2,3}, i ={A}and t; = 1.
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An example with two sorts

Herem =9,n=2,s1 =3, =6and t = 9.

H

~
o
N
o
o
~
3

o

O R |[J|N ||| W|DN
N0 O|T T == (>~
wiRwiE-SIE-S R NS

W w OO TlT

~ || O | m

Q™| T~

T O

o~

E]

S1=11,2,3}, i ={A}and t; = 1.
S, = 14,5,6,7,8,9}, T» = {E,F,G,H,I} and I, = 5.
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An example with two sorts

Herem =9,n=2,s1 =3, =6and t = 9.

H

~
o
N
o
o
~
3

O R |[J|N ||| W|DN
OO T|T|w|w x|~
U|O|w| = 00>

W W OO TlT

~| IO | ™

QT T~

T

M|~

E|

S1=11,2,3}, i ={A}and t; = 1.
)= {45,6,7,8,9}, T, = {E,E,G,H,I} and t — 5.
Ti2 ={B,C,D} and t;;, = 3.
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An example with three sorts

Herem =9,n=3,s1=1,3p =4,s3 =4and t = 12.
112]3[4]5]6]7]8]
A

N |~
h

O R [|J|N| Q[ H=|W|DN

el NN NI N I NN
~| T O™ Tl 0lw
M~ T OO T
QM| ~| IO w

T T~
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An example with three sorts
Herem =9,n=3,s1=1,3p =4,s3 =4and t = 12.
112]3[4]5]6]7]8]

2] A
3[AlB
4lAlc|D
5(Aa|D|c|B
6| E|F|G|H|I
7lElGlH|I|F]]
s|E|H|I|F|G|K|L
olE|I1|F[G|H|L|K]|J]
S={1},i=Qandt; =0
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An example with three sorts

Herem =9,n=3,s1=1,3p =4,s3 =4and t = 12.
1]2]3]4]5]6]7]8]
A

RII| || WD
GINCIRGIEN BN ES

N |~
h

~| T Q™| 0w
|~ T Q0T
QlM|~| T w

T T~

91 E

81:{1},7’1:®andt1 =0.
Sy =1{2,3,4,5}, T = {B,C,D} and t, = 3.
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An example with three sorts

Herem =9,n=3,s1=1,3p =4,s3 =4and t = 12.
1]2]3]4]5[6]7]8]

2] A

3[AlB

1lAalc|D
5/A[D|C|B

6| E|F|G|H|I
7IE|lG|H|T]|F
s|eElH|I|F]|G L
olE[1|F|G|H K|J]

81:{1},7’1:®andt120.

S» ={2,3,4,5}, T, = {B,C,D} and t, = 3.
S;=1{6,7,8,9}, Tz = {J,K,L} and t5 = 3.
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An example with three sorts

Herem =9,n=3,s1=1,3p =4,s3 =4and t = 12.
112]3[4]5]6]7]8]
A

®|N| oUW N
unl sl Musll oSS o Y O N
~|T|Ql0|T

QM| ~| IO w

T T~
N |~
=

~| Tl OO w

91 E F

Sl = {1},7’1 :®andt1 =0.

Sy ={2,3,4,5}, T = {B,C,D} and t, = 3.
S3=1{6,7,8,9}, T3 = {J,K,L} and t3 = 3.
712 = {A} and t12 =1.
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An example with three sorts

Herem =9,n=3,s1=1,3p =4,s3 =4and t = 12.
1]2]3]4]5[6]7]8]

2] A

3[AlB

1lAalc|D
5/A[D|C|B

6| E|F|G|H]|I
7IElGIH[IT|F]]T
s|ElH|I|F|G|K]|L
ole|1|F]G|H|L[K]|]]

81:{1},7’1:®andt120.

S» = {2,3,4,5}, T» = {B,C,D} and t, = 3.
Sy =16,7,8,9}, 7 = {J,K,L} and t5 = 3.
Tio = {A}and t; = 1.
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An example with three sorts

Herem =9,n=3,s1=1,3p =4,s3 =4and t = 12.
1]2]3]4]5[6]7]8]

2 A

3[AlB

slalclD
5(Aa|D|c|B
6|E|F|G|H]|I
7IElGlH|I|F]]
s|E|H|I|F|G|K]|L
olE|1|F[G|H|L]K]|]]

81:{1},7’1:®andt120.

S» = {2,3,4,5}, T» = {B,C,D} and t, = 3.
Sy =16,7,8,9}, 7 = {J,K,L} and t5 = 3.
Tio = {A}and t; = 1.

753 — {F,G,H,I and try3 = 4

Bailey and Cameron
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Solution (c) for Condition 2 when m =5

Treatment A occurs on all pairs involving individual 1.
Each other treatment is involved with each other individual

exactly once.
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Equitable partitions

Now we turn to the combinatorics.
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Equitable partitions

Now we turn to the combinatorics.
Let I be the graph, and IT a partition of its vertex set into t parts
Py,...,Py.
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Equitable partitions

Now we turn to the combinatorics.

Let I be the graph, and IT a partition of its vertex set into t parts
Py,...,Py.

We say that IT1is equitable if there is a t x t matrix M = (m;;) of
non-negative integers such that each vertex of P; has exactly m;;
neighbours in P;.
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Equitable partitions

Now we turn to the combinatorics.

Let I be the graph, and IT a partition of its vertex set into t parts
Py,...,Py.

We say that IT1is equitable if there is a t x t matrix M = (m;;) of
non-negative integers such that each vertex of P; has exactly m;;
neighbours in P;.

In fact we have been discussing equitable partitions of strongly
regular graphs under another name!

Theorem

The treatment allocation to the vertices of a strongly reqular graph T’
given by the partition I1 has the COBS property (our Condition B) if
and only if I1 is equitable.
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Proof of the theorem

Let ) be the vertex set of the graph. Let Wy, W1, W, be the
common eigenspaces of A(I'), I and J.
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Proof of the theorem

Let ) be the vertex set of the graph. Let Wy, W1, W, be the
common eigenspaces of A(I'), I and J.

Fori=1,...,t let V; be the subspace spanned by the vector
which is one on the vertices in part P; and zero elsewhere, and
let V be the space spanned by V7, ..., V.
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Proof of the theorem

Let ) be the vertex set of the graph. Let Wy, W1, W, be the
common eigenspaces of A(I'), I and J.

Fori=1,...,t let V; be the subspace spanned by the vector
which is one on the vertices in part P; and zero elsewhere, and
let V be the space spanned by V7, ..., V.

The displayed equation near the top of p.144 in the paper by us
with Sasha Gavrilyuk and Sergey Goryainov (reference below)
shows that, if the partition is equitable, then

V = (VﬂWo)@(VﬂWl)@(Vﬂ Wz).

But this is equivalent to our Condition B, the definition of a
COBS.
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Proof of the theorem

Let ) be the vertex set of the graph. Let Wy, W1, W, be the
common eigenspaces of A(I'), I and J.

Fori=1,...,t let V; be the subspace spanned by the vector
which is one on the vertices in part P; and zero elsewhere, and
let V be the space spanned by V7, ..., V.

The displayed equation near the top of p.144 in the paper by us
with Sasha Gavrilyuk and Sergey Goryainov (reference below)
shows that, if the partition is equitable, then

V = (VﬂWo)@(VﬂWl)@(Vﬂ Wz).

But this is equivalent to our Condition B, the definition of a
COBS.
The converse works in the same way.
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Proof of the theorem

Let ) be the vertex set of the graph. Let Wy, W1, W, be the
common eigenspaces of A(I'), I and J.

Fori=1,...,t let V; be the subspace spanned by the vector
which is one on the vertices in part P; and zero elsewhere, and
let V be the space spanned by V7, ..., V.

The displayed equation near the top of p.144 in the paper by us
with Sasha Gavrilyuk and Sergey Goryainov (reference below)
shows that, if the partition is equitable, then

V = U/erh)EB(L’F\MH)GS(VF1MQ).

But this is equivalent to our Condition B, the definition of a
COBS.
The converse works in the same way.
> R. A. Bailey, Peter J. Cameron, Alexander L. Gavrilyuk and
Sergey V. Goryainov, Equitable partitions of Latin-square
graphs, J. Combinatorial Designs 27 (2019), 142-160; doi:
10.1002/jcd.21634
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