Above and below primitivity

Peter ]J. Cameron
University of St Andrews

o

Theoretical and Computational Algebra
Guimaraes, Portugal
29 June 2026



Permutation groups

A transformation monoid on () is a set of transformations on (2
which contains the identity transformation and is closed under
composition. If it is also closed under inversion (and in
particular all its elements are bijective), it is a permutation

group.



Permutation groups

A transformation monoid on () is a set of transformations on (2
which contains the identity transformation and is closed under
composition. If it is also closed under inversion (and in
particular all its elements are bijective), it is a permutation
group.

Thus, permutation groups and transformation monoids are
groups and monoids respectively with the operation of
composition. Indeed, until the second half of the nineteenth
century, groups were permutation groups.



Permutation groups

A transformation monoid on () is a set of transformations on (2
which contains the identity transformation and is closed under
composition. If it is also closed under inversion (and in
particular all its elements are bijective), it is a permutation
group.

Thus, permutation groups and transformation monoids are
groups and monoids respectively with the operation of
composition. Indeed, until the second half of the nineteenth
century, groups were permutation groups.

I will speak mostly about permutation groups, but
transformation monoids will be used briefly to define some
permutation group properties.



Permutation groups

A transformation monoid on () is a set of transformations on (2
which contains the identity transformation and is closed under
composition. If it is also closed under inversion (and in
particular all its elements are bijective), it is a permutation
group.

Thus, permutation groups and transformation monoids are
groups and monoids respectively with the operation of
composition. Indeed, until the second half of the nineteenth
century, groups were permutation groups.

I will speak mostly about permutation groups, but
transformation monoids will be used briefly to define some
permutation group properties.

A structure on () is trivial if it is invariant under the whole
symmetric group on (); it is non-trivial otherwise. Many
permutation group properties are defined by requiring that
there is no non-trivial structure of some type admitting the
group. Several examples follow.
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Let G be a permutation group on (). We say that G is

» transitive if there is no non-trivial G-invariant subset of (2
(the trivial subsets are () and the empty set);

> primitive if there is no non-trivial G-invariant partition of
Q) (the trivial partitions are the partition into singletons
and the partition with a single part);

» 2-homogeneous or 2-set transitive if there is no non-trivial
G-invariant graph on ();
» 2-transitive if there is no non-trivial G-invariant directed
graph (digraph) on Q).
We will see that some other permutation group properties first
defined differently can be fitted into this scheme.
Primitivity is probably the most important such property, and
was introduced by Galois.
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A Hamming graph H(n, q) has vertex set all words of length n
over an alphabet of size g, two vertices joined if they agree in
all but one position. Its automorphism group is the wreath
product 5415y, inits product action.

A permutation group G on () is basic if it is primitive and there
is no non-trivial G-invariant Hamming graph on (). Now one
half of the celebrated O’Nan-Scott Theorem describes the
structure of non-basic primitive groups in terms of their socle
(product of the minimal normal subgroups).

The second half is on the following slide.
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Theorem
Let G be a basic primitive permutation group. Then one of the
following holds:

» G is affine (preserves a non-trivial affine space);

» G is diagonal (preserves a non-trivial diagonal structure) (these
are defined in a paper by Bailey, Cameron, Praeger and
Schneider);

» G is almost simple, that is, T < G < Aut(T) for some
non-abelian finite simple group T.

The O’Nan-Scott Theorem is the basis of most recent results on
primitive groups. In the first two cases, we have a geometric
structure to study; in the third, we have to use the
Classification of Finite Simple Groups, and detailed knowledge
about these groups.
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Synchronization

I will say more about synchronization elsewhere in this
meeting; here I just mention it as an example of a permutation
group property above primitivity.

A permutation group G on () is synchronizing if, for any map
t : (3 — ) which is not a permutation, the transformation
monoid (G, t) contains an element of rank 1.

This definition is due to Ben Steinberg and Joao Aratjo. It was
later reformulated in terms of our general scheme. This also
gives tools (both theoretical and computational) to study it.

Theorem

A permutation group G on Q) is synchronizing if and only if there is
no non-trivial weakly perfect G-invariant graph on Q) (i.e. having
cligue number equal to chromatic number).

It follows that a synchronizing permutation group is transitive
(take a complete graph on an orbit); primitive (take an
equivalence relation as graph); and basic (the Hamming graph
H(n,q) have clique number and chromatic number ).
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Coherent configurations were introduced by Donald Higman
to study permutation groups (the history is really a bit more
complicated). A coherent configuration on () is a partition of
Q) x Q) such that the diagonal is a union of parts, the converse
of a part is a part, and for any three parts A, B, C, if (x,y) € C,
the number of z € Q) such that (x,z) € Aand (z,y) € B
depends only on A, B, C and not on x, y. The orbits on O%ofa
permutation group on () form a coherent configuration.
Association schemes are a special case, introduced much earlier
in statistics by R. C. Bose. An association scheme is a coherent
configuration in which all parts are symmetric (as relations).
The only trivial association scheme is the one with just two
parts, the diagonal and non-diagonal pairs.

A transitive permutation group G on () is AS-free if there is no
non-trivial G-invariant association scheme on (). Thus,
2-homogeneous permutation groups are AS-free; but there are
others.
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An AS-free permutation group is primitive (else it preserves a
group-divisible scheme) and basic (else it preserves a
Hamming scheme).

So by the O’'Nan-Scott Theorem, these groups are affine,
diagonal or almost simple. Can we classify them?

Affine groups are not AS-free unless they are 2-homogeneous
(these groups are all known).

Apart from the 2-transitive groups, a few almost simple groups
are AS-free. The smallest is PSL(3, 3), degree 234. Ohers
include My, degree 1320; J1, degree 1463, 1540 or 1596; |,
degree 1800. What is going on?

Diagonal groups pose a real puzzle. Let d be the number of
simple factors in the socle. If d = 2, they preserve the conjugacy
class scheme of the simple group; if d = 3, they preserve the
Latin square graph of its Cayley table. Beyond this, despite a
number of attempts, we just don’t know!
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The Road Closure Property

An orbital graph for a permutation group G on (2 is a graph
with vertex set () whose edges form a single G-orbit.

Donald Higman showed that, if |(}| > 2, then G is primitive if
and only if every orbital graph is connected. If G has the
stronger property that every orbital graph remains connected if
we remove a proper block of imprimitivity for the action of G
on edges, then we say that G has the Road Closure Property.
So this is also a strengthening of primitivity; and 2-transitive
groups have the RCP, so it lies below 2-transitivity.
Surprisingly, this is also connected with transformation
semigroups:

Theorem

G has the road closure property if and only if, for any map t on Q)
with rank 2, the transformation monoid (G, t) \ G is
idempotent-generated.
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The current state of knowledge

We have been working for more than a decade on
understanding the Road Closure Property. In that time we have
made a lot of progress, but a final answer still escapes us. Here
is what we know. Let G have the RCP.

» G is basic: the Hamming graph has blocks corresponding
to the coordinate directions; if one is removed the graph
falls into “layers”.

» Affine groups have RCP if and only if they are basic, i.e. if
and only if the stabiliser of 0 is a primitive linear group.

» For diagonal groups, there is an iterative construction: the
group permuting the factors must be primitive, and it fails
RCP if and only if the whole group does.

» All known almost simple primitive groups which fail RCP
have two or three blocks of imprimitivity on edges, but we
can’t show this is necessarily so.
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Partitions

So far, I have been interpolating classes of permutation groups
between primitive and 2-transitive. Now I turn to classes
between transitive and primitive. In the remainder, G is always
a transitive permutation group on ().

Such groups preserve partitions, so we must spend a little time
on the calculus of partitions.

Given two partitions I'l; and I, of ), we say that I} <II, (I
refines I'l,) if each part of I'l; is contained in a part of I.

This is a partial order on partitions, with respect to which they
form a lattice:

» The meet or infimum I'l; AIl: parts are all non-empty
intersections of a part of Il; with a part of I'l,.

» The join or supremum ITj V ITp: form a graph in which two
points are joined if they lie together in a part of I1; or a
part of Iy; the parts of the join are the connected
components of this graph.
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Commuting relations

Partitions can also be represented as equivalence relations.
Two binary relations Ry and R; have a product Ry o Ry, defined
as the set of pairs (x,y) such that there exists z with (x,z) € Ry
and (z,y) € Ry.

The two relations commute if R; o R) = Ry o Ry.

If two equivalence relations I'l; and I'l, commute, then their
join s just I'ly o Il5.

A lattice is modular if a < cimpliesa V (b Ac) = (aV b) Ac for
alla,b,c.

Theorem
If a lattice L of partitions has the property that all pairs of partitions
commute, then the lattice is modular.
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Lattices from transitive groups

Now let G be a transitive permutation group on (), and let
L(G) be the lattice of all G-invariant permutations.

>
>

»

L(G) is a sub-lattice of the lattice of permutations of ).

All the members of elements of £(G) are uniform
partitions, that is, they have all parts of the same size.

G is primitive if and only if £(G) contains only two
partitions, E (the bottom element, the partition into
singletons) and U (the top element, the partition with a
single part).

L(G) is isomorphic to the lattice of subgroups between G,
and G, where G, is the stabiliser of a point of ().

In this correspondence, two partitions commute if and
only if the corresponding subgroups commute (in the
sense HK = KH).
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uniform equivalence relations (and hence is modular).

The term arose in experimental design in statistics. We apply it
here by defining the OB property for perrmutation groups to be
the assertion that G preserves an orthogonal block structure.
Computation shows that the vast majority of small transitive
groups have the OB property (for example, 1100 of the 1117
groups of degree 20).

We cannot say much about these unless a stronger condition
holds. A poset block structure is an orthogonal block structure
satusfying the distributive laws

aN(bVve)=(anb)V(anc), aV(bAc)=(aVb)A(aVec)

(these are equivalent).
A permutation group has the PB property if it preserves a poset
block structure.
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Poset block structures and generalized wreath products

There is a notion of generalized wreath product of a family of
permutation groups indexed by a partially ordered set. See
Rosemary’s talk on Thursday.

The Fundamental Theorem on Finite Distributive Lattices can
be used to show:

» The automorphism group of a distributive lattice of
commuting uniform partitions is a generalized wreath
product of symmetric groups.

> Any group with the PB property can be embedded in a
generalized wreath product of permutation groups which
can be extracted from the given action.

The second part is an extension of the classical
Krasner-Kaloujnine Theorem. Rosemary will discuss this.
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