Synchronization

Peter J. Cameron
University of St Andrews

Theoretical and Computational Algebra
Guimaraes, Portugal
30 June 2026



Automata

In this talk I will briefly tell the story of synchronizing
automata, as seen from my view point in group theory and
combinatorics.



Automata

In this talk I will briefly tell the story of synchronizing
automata, as seen from my view point in group theory and
combinatorics.

The automata are very simple machines: each has finitely many
states; on inputting a letter from a fixed alphabet, the machine
changes its state according to fixed rules. There are no given
initial or final states.



Automata

In this talk I will briefly tell the story of synchronizing
automata, as seen from my view point in group theory and
combinatorics.

The automata are very simple machines: each has finitely many
states; on inputting a letter from a fixed alphabet, the machine
changes its state according to fixed rules. There are no given
initial or final states.

The automaton is synchronizing if there is a word in its
alphabet (called a reset word) such that, on reading the letters
of this word, it ends in the same state, independent of its
starting state.



Automata

In this talk I will briefly tell the story of synchronizing
automata, as seen from my view point in group theory and
combinatorics.

The automata are very simple machines: each has finitely many
states; on inputting a letter from a fixed alphabet, the machine
changes its state according to fixed rules. There are no given
initial or final states.

The automaton is synchronizing if there is a word in its
alphabet (called a reset word) such that, on reading the letters
of this word, it ends in the same state, independent of its
starting state.

Research has been driven by the Cerny conjecture, which states
that if an n-state automaton is synchronizing, it has a reset
word of length at most (n — 1)2.
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An example

B R RRBIRIRRB
112 3 41 2 3 4 1 2
212 3 41 2 3 4 1 2
3|3 41 2 2 3 41 2
414 1 2 3 3 4 1 2 2

So BRRRBRRRB is a reset word (and is in fact the shortest).
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Given an automaton A, each symbol in the alphabet defines a
map on the set () of states, the transition induced when the
machine reads that symbol.

Since reading a sequence of symbols corresponds to composing
these maps, the maps which can be produced by an automaton
form a monoid (the identity transition corresponds to reading
the empty word). In our example, the generators of the monoid

are
1 2 3 4 1 2 3 4
R_<2 3 4 1)’ B_<2 2 3 4>'
Thus an automaton is synchronizing if and only if the monoid
contains a transformation of rank 1 (that is, whose image has
cardinality 1).
The preceding slide shows that the monoid associated with this

tomaton contain 123 4
auoaocoaszzzz.
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From transformation monoids to permutation groups

This allows a translation of the Cerny conjecture, and makes it
no easier to solve.
Jodo Araujo and Ben Steinberg suggested a special case which
might be easier. Noting that in the example, the transition R is a
permutation which generates the cyclic group of order 4, they
suggested considering transformation monoids of the form
(G, t), where G is a permutation group and f a transition which
is not a permutation.
Indeed, they asked a question with a stronger hypothesis:
Which permutation groups G on ) have the property that,
for any transition t which is not a permutation, the monoid
(G, t) is synchronizing?

Since a permutation group of degree greater than 1 cannot be
synchronizing as a monoid, we borrow the term
“synchronizing” to describe permutation groups with this

property.
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Theorem

A permutation group G is synchronizing if and only if it preserves no
non-trivial graph whose clique number and chromatic number are
equal.

A graph with clique number equal to chromatic number is
called weakly perfect.

Using this, one can easily show that a synchronizing
permutation group G has the following properties:

» Itis transitive (that is, has a single orbit). (If there is more
than one orbit, take the complete graph on a single orbit.)

» Itis primitive (that is, preserves no non-trivial equivalence
relation). (If there is a non-trivial equivalence relation, take
the union of complete graphs on the equivalence classes.)
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» It is basic (that is, preserves no Hamming graph). (The
graph H(n,q) has clique number g, and also chromatic
number g: if the alphabet is the integers mod g, colour each
n-tuple by the sum of its entries.)

» (O’Nan-Scott) It is affine, diagonal with at most two
factors simple in the socle, or almost simple. (Diagonal
groups with at least three socle factors preserve a weakly
perfect “diagonal graph”.)

There do exist synchronizing groups of all three types in the
last assertion.

Other properties of permutation groups were investigated in
my paper with Jodo and Ben. One is worth discussing here.
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It can be shown that, in a vertex-transitive graph on n vertices,
the product of the clique size and coclique size is at most n. We
call a transitive group non-separating if it is a group of
automorphisms of a graph meeting this bound, and separating
otherwise.

Thus “separating” implies “synchronizing”, but it is easier to
check, since clique number is easier to compute than chromatic
number. (Both problems are NP-hard, but parametrized
complexity gives us ways of making sense of this statement:
testing clique size k is in the complexity class W[1], but no W[1]
algorithm for chromatic number is known.)

I give an example on the next slide.
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satisfying the equality must consist of the blocks of a Steiner
system S(t,k, n) for some n and an Erd6s-Ko-Rado set (all the
k-sets containing a fixed t-set).
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Consider the symmetric group S, acting on k-sets. Mohammed
Aljohani, John Bamberg and I conjectured that, for n > f(k), the
only way that a G-invariant graph to be non-separating is, up
to complementation, that two k-sets are joined if they meet in at
most t — 1 points for some t; then a clique, coclique pair
satisfying the equality must consist of the blocks of a Steiner
system S(t,k, n) for some n and an Erd6s-Ko-Rado set (all the
k-sets containing a fixed t-set).

The conjecture was recently proved by Danila Cherkashin and
Yakov Shubin, using a theorem of Deza, Erd6s and Frankl.

This complements a theorem of Peter Keevash, asserting that a
Steiner system S(t,k, n) exists whenever n > ¢(t, k) and n
satisfies the standard “divisibility conditions”.

The group will fail to be synchronizing if and only if there is a
partition of the k-sets into Steiner systems. We are still waiting
for the design theorists to prove this!
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Synchronization also has a role to play in the area between
infinite group theory and symbolic dynamics. We need two
further definitions, motivated by the idea that an automaton
can read infinitely long words.

An automaton is core if it is strongly connected and every state
has incoming arcs, so can be visited infinitely often. From any
automaton we obtain a core by removing the “transient” states.
A transducer is an automaton which can write as well as read.
We do not require that it writes a letter each time it reads one; it
may write nothing, or more than one letter. But we assume that
if it reads an infinite input, it writes an infinite output.

Finally, we assume that our transducers have a fixed start state,
so they have well-defined actions on infinite strings.

If you want to know more, there are two sessions tomorrow: on
semigroups and automata, and on Thompson groups.
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A core automaton A is called strongly synchronizing if there is
a positive integer k such that every word of length k is a reset
word.

Strongly synchronizing automata are characterized as the
foldings (or homomorphic images) of de Bruijn graphs, which I
now define.

A folding of an automaton digraph is an equivalence relation
on the set of states with the property that, if v; and w, are
equivalent and there is an arc labelled 4 from v; to v,, then
there is a state w, and an arc labelled a from v, to w».
Collapsing the equivalence classes to single vertices, we get a
smaller automaton digraph.
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De Bruijn digraphs
The vertices of the de Bruijn digraph G(k, 1) are the words of
length n over an alphabet of size k, with an arc from v to w if w
is obtained from v by deleting the first letter and adding a letter
at the end.
The picture shows G(2,3).

Theorem
An automaton is strongly synchronizing with word length n if and
only if it is obtained by folding G(k,n).
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Core transducers can be composed, by letting the second read
the output of the first. So we can define the inverse of a core
transducer, by the condition that their composition fixes every
infinite string.

The rational group was defined by Grigorchuk, Nekrashevich,
and Suschanskii to be the group of permutations of the set of
infinite strings over a fixed alphabet A induced by invertible
transducers.

Note that the set of infinite strings over A has a natural metric,
with respect to which it is homeomorphic to the Cantor set, and
the rational group acts as homeomorphisms.
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The Higman—Thompson groups

Richard Thompson gave the first example of a finitely
presented infinite simple group: it was a group of piecewise
linear transformations of the unit interval whose slopes are
powers of 2 and whose finitely many points of discontinuity
are dyadic rationals.

This was re-interpreted by Graham Higman as the
automorphism group of a certain universal algebra, and
generalized to a 2-parameter infinite family. They have been
generalized much further by various authors.

It is approximately true that, if S is a Higman-Thompson
group, then the outer automorphism group of S is the group of
all elements of the GNS rational group generated by invertible
core transducers T with the property that T and its inverse are
both strongly synchronizing.
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